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INFINITESIMAL AFFINE AUTOMORPHISMS OF SYMPLECTIC
CONNECTIONS
DANIEL J. F. FOX
Abstract. Conditions are given under which an infinitesimal automorphism of a torsion-free
connection preserving a symplectic form is necessarily a symplectic vector field. An example
is given of a compact symplectic nilmanifold admitting a flat symplectic connection and an
infinitesimal automorphism that is not symplectic.
On a symplectic manifold (M,Ω), a symplectic connection is a torsion-free affine connection ∇
that preserves the symplectic form Ω. This note addresses the question of when an infinitesimal
affine automorphism of a symplectic connection must be an infinitesimal symplectomorphism. Re-
call that an infinitesimal affine automorphism of an affine connection ∇ is a vector field X such
that the Lie derivative LX∇ vanishes.
The automorphism group of the standard flat affine connection∇ on n-dimensional affine space is
the full group of affine transformations. On the other hand, the automorphism group of a ∇-parallel
metric or symplectic form is the proper subgroup of isometric affine transformations or symplectic
affine transformations. In particular, the full group of affine transformations preserves the standard
flat connection, but only its subgroup comprising symplectic affine transformation preserves a
parallel Darboux symplectic form. Similar examples on solvable symplectic Lie groups abound.
This shows that some condition is necessary to conclude that an infinitesimal automorphism of a
connection preserving some tensor necessarily preserves the tensor.
On the other hand, for the Levi-Civita connection D of a Riemannian metric g on a compact
manifold, Theorem 4 of K. Yano’s [5] shows that an infinitesimal automorphism of D is a g-Killing
field, and consequently that if a connected Lie group acts on a compact Riemannian manifold by
automorphisms of the Levi-Civita connection, it acts by isometries. Related more general results
are recorded in chapter VI of [3]. Yano’s theorem means that, if M is compact, the quotient of the
affine automorphism group of D by the isometry group of g is discrete. For pseudo-Riemannian
manifolds the analogous claims are false. In [1], the compact Lorentzian 3-manifolds admitting
an affine automorphism that is not an isometry are classified. Many of the examples admit a
one-parameter group of affine automorphisms that are not isometric.
One expects the symplectic situation to more closely resemble the Lorentzian case than the
Riemannian setting because the existence of isotropic subspaces means that holonomy need not act
completely irreducibly. Here there are obtained results for infinitesimal affine automorphisms of
symplectic connections analogous to those available for metric connections:
Theorem. Let (M,Ω) be a 2n-dimensional symplectic manifold and let ∇ be a torsion-free affine
connection preserving Ω. Suppose the compactly supported vector field X is an infinitesimal auto-
morphism of ∇. Then X is symplectic, meaning LXΩ = 0, in any of the following situations:
(1) M is noncompact.
(2) dimM = 2.
(3) M is compact with nonzero Euler characteristic.
(4) M is compact and the linear holonomy of ∇ is irreducible.
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(5) M is compact and ∇ is the Levi-Civita connection of a Ka¨hler metric compatible with a
constant multiple of Ω.
It will also be shown that the condition on the Euler characteristic in (3) of the theorem cannot
be removed. Since a compact nilmanifold is parallelizable it has vanishing Euler characteristic.
Since there are many symplectic nilmanifolds (that, moreover, need not admit Ka¨hler structures)
it is natural to look among them for an example. After the proof of the theorem, it is shown that
there is a compact four-dimensional symplectic nilmanifold that admits a family of flat symplectic
connections that each admit an infinitesimal automorphism that is not symplectic.
Proof of Theorem. For a vector field X ∈ Γ(TM), let Xg ∈ Γ(T ∗M) be the symplectically dual
one-form defined by Xg = Ω(X, · ). Let symp(M,Ω) ⊂ Γ(TM) be Lie subalgebra comprising
symplectic vector fields, namely those vector fields preserving Ω. Since LXΩ = dX
g, symp(M,Ω)
consists exactly in those vector fields whose symplectically dual one-form is closed.
The abstract index conventions are used, and indices are raised and lowered (preserving hor-
izontal position) using the symplectic form Ωij and the dual antisymmetric bivector Ω
ij , con-
sistently with the conventions Xi = X
pΩpi and X
i = ΩipXp (so that Ω
ipΩpj = −δj
i, where
δj
i is the canonical pairing between the tangent space and its dual). Enclosure of indices in
square brackets indicates complete antisymmetrization over the enclosed indices. A label is in ei-
ther up position or down, and a label appearing as both an up and a down index indicates the
trace pairing (summation convention). With these conventions, Xgi and Xi are synonyms, and
XpYp = −XqY
q = −XpY qΩpq = Ω(X,Y ).
The curvature Rijk
l of a torsion-free affine connection ∇ is defined by 2∇[i∇j]X
k = Rijp
kXp
for X ∈ Γ(TM). By the Ricci identity, 0 = 2∇[i∇j]Ωkl = −2Rij[kl], in which Rijkl = Rijk
pΩpl.
The Lie derivative along X ∈ Γ(TM) of a torsion-free affine connection ∇ is given by
(LX∇)(Y, Z) = [X,∇Y Z]−∇[X,Y ]Z −∇Y [X,Z] = ∇Y∇ZX −∇∇Y ZX +R(X,Y )Z.(1)
Equivalently (LX∇)ij
k = ∇i∇jX
k +XpRpij
k. If ∇ is symplectic, then
(LX∇)ijk = ∇i∇jXk +X
pRpijk.(2)
For any symplectic connection ∇, there holds dXgij = 2∇[iX
g
j] . Skew-symmetrizing (2) in jk yields
0 = 2(LX∇)i[jk] = 2∇i∇[jXk] + 2X
pRpi[jk] = ∇idX
g
jk.(3)
so that dXg is parallel. If M is noncompact and X is compactly supported, then dXg vanishes
outside the support of X , and so vanishes everywhere because it is parallel.
Contracting (2) yields 0 = ∇i∇pX
p, so that ∇pX
p is constant. Write Ωk =
1
k!Ω
k. If M is
compact, then
0 =
ˆ
M
d(Xg ∧Ωn−1) =
ˆ
M
dXg ∧Ωn−1 =
ˆ
M
(∇pX
p)Ωn = (∇pX
p)volΩn(M)(4)
implies ∇pX
p = 0. Whether or not M is compact, dXg ∧ Ωn−1 = (∇pX
p)Ωn = 0. If 2n = 2, this
means dXg = 0, so that X ∈ symp(M,Ω).
Suppose M is compact. Let Ai
j = dXgi
j = ∇iX
j −∇jXi. For k ≥ 2 define
A◦k i
j = Ai
i1Ai1
i2 . . . Aik−2
ik−1Aik−1
j ,(5)
so that A◦k i
j is the k-fold composition of the endomorphism Ai
j . Because A◦k ji = −A
◦k
ij , the
trace trA◦k satisfies
trA◦k = A◦k p
p = −AijA◦k−1 ij = −A
◦k−1
ij∇
iXj.(6)
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Since Ai
j is parallel, trA◦k is equal to some constant ck ∈ R. Because dX
g
ij = Aij is parallel, for
k ≥ 2, using (6) and integrating by parts shows
ckvolΩn(M) =
ˆ
M
trA◦k Ωn = −2
ˆ
M
A◦k−1 ij∇
iXj Ωn = 2
ˆ
M
Xj∇iA◦k−1 ij Ωn = 0,(7)
so 0 = ck = trA
◦k. Since this holds for all k ≥ 2, and Ap
p = 0, the endomorphism Ai
j is nilpotent.
Now it will be shown that if dXg is not identically zero then χ(M) = 0. Since Ai
j is parallel
and nilpotent, the kernel and image of any power A◦k are parallel nontrivial proper subbundles of
TM . If k is the largest integer such that A◦k 6= 0, then, since Aij = −Aji, the image L of A
◦k−1 is a
parallel isotropic subbundle of TM . This is enough to conclude χ(M) = 0, as follows. Let J be an
almost complex structure compatible with Ω, with corresponding Riemannian metric gij = ΩipJj
p.
Then TM = L⊕ JL⊕K, where K is the g-orthogonal complement of L⊕ JL. By Theorem 1.4 of
[2] there vanishes the Euler class of a symplectic vector bundle admitting a Lagrangian subbundle.
The bundle L⊕ JL is a symplectic vector bundle (with the symplectic structure the restriction of
Ω), and L is a Lagrangian subbundle of L ⊕ JL, so the Euler class of L ⊕ JL vanishes. The Euler
class of TM equals the product of the Euler class of K and the Euler class of L⊕ JL, so the Euler
class of TM vanishes. Hence if χ(M) 6= 0, X ∈ symp(M,Ω).
Let Holx be the linear holonomy group of ∇ acting on TxM . Since Ai
j is parallel, as an
endomorphism of TxM it commutes with Holx. This implies that Holx preserves the filtration of
TxM determined by the generalized null spaces of Ai
j. In particular, if the action of Holx on
TxM is irreducible, then the kernel of Ai
j must be all of TxM , so that Ai
j = 0. This shows
X ∈ symp(M,Ω) (this argument is the proof of (1) of Theorem 1 of Appendix 5 of [3]).
If M is compact and ∇ is the Levi-Civita connection of a Ka¨hler metric g compatible with a
constant multiple of Ω, then an infinitesimal automorphismX of∇ is a g-Killing field by the already
cited theorem of Yano, and Ω is a harmonic form, so preserved by X . 
The theorem implies that if a symplectic connection on a compact symplectic manifold admits
an infinitesimal automorphism that is not symplectic, then the manifold must have dimension at
least 4 and Euler characteristic zero and the holonomy of the symplectic connection must preserve
a nontrivial filtration of the tangent bundle.
Example. Let M be the quotient of R4 by the action of the discrete affine group Λ generated by
unit translations along the t1, t2, and t3 axes, and the map (t1, t2, t3, t4) → (t1 + t2, t2, t3, t4 + 1).
The one-forms e1 = dt1−t4dt2, e2 = dt2, e3 = dt3, and e4 = dt4 are invariant under the action of Λ.
Since the symplectic form Ω = e1 ∧ e2+ e3 ∧ e4 is Λ-invariant, it descends to a symplectic structure
on M . The symplectic manifold (M,Ω) is one version of the Kodaira-Thurston nilmanifold. It is
presented here as described in Example 2.1 in chapter 2 of [4]. It is a 2-torus bundle over a 2-torus,
so has Euler characteristic zero, and admits no Ka¨hler metric.
The only nontrivial Lie bracket among the dual Λ-invariant vector fields E1 =
∂
∂t1
, E2 =
∂
∂t2
+
t4 ∂
∂t1
, E3 =
∂
∂t3
, and E4 =
∂
∂t4
is [E2, E4] = −E1. For any constant β ∈ R, define the affine
connection ∇ by declaring
∇E4E2 = −(β − 2/3)E1, ∇E2E4 = −(β + 1/3)E1, ∇E2E2 = −(β + 1/3)E3,(8)
and all other covariant derivatives in the frame Ei to be null. For a ∈ R
4 let Xa = a1E1 + a
2E3 +
a3E3 + a
4E4. Using
∇XaX
b =
(
(2/3− β)a4b2 − (β + 1/3)a2b4
)
E1 − (β + 1/3)a2b2E3
=
(
(2/3)a4b2 − (1/3)a2b4 − β(a2b4 + a4b2)
)
E1 − (β + 1/3)a2b2E3,
(9)
it is straightforward to check that ∇ is torsion-free, symplectic, and flat. For example,
∇XaX
b −∇XbX
a = −(a2b4 − a4b2)E1 = [X
a, Xb],(10)
4 DANIEL J. F. FOX
showing that ∇ is torsion-free. That ∇Ω = 0 follows because, by (9), Ω(∇XaX
b, Xc) is symmetric
in b and c. Since, by (9), ∇XaX
b is contained in the span of E1 and E3, and there vanish all
covariant derivatives of the form ∇EiEj in which either i or j equals either 1 or 3, there hold
∇Xa∇XbX
c = 0 and ∇∇XaXbX
c = 0. Hence ∇ is flat, and, by (1), any Xa is an infinitesimal
automorphism of ∇. Since LXaΩ = d(ι(X
a)Ω) = −a2e2 ∧ e4, the vector field E2 is an infinitesimal
automorphism of ∇ that is not symplectic.
The results obtained here suggest that it is an interesting problem to classify symplectic connec-
tions admitting an affine automorphism that is not a symplectomorphism.
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